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■ Supersymmetry in sigma models is closely related to the geometry of target space 

(Sj . [1]. In jV = 1 models in four space-time dimensions, the target space manifold must be 

Kahler [1]. General jV = 1 sigma models can be written in terms of a Kahler potential 
depending on j¥ = 1 chiral superfields and their conjugates. 4D JV = 2 models require 
the target space geometry to be hyperkahler [2]. Hyperkahler metrics are difficult to 
construct explicitly. Thus, manifest JV = 2 formulations are needed in order to generate 
JV = 2 sigma models and, therefore, hyperkahler metrics. Projective superspace [3, 4] 
provides such a formulation, and it is thus suitable for the construction. 

Projective superspace formulation has led to the discovery of several multiplets that 
can be used to construct new hyperkahler metrics. One of the most interesting projective 
multiplets is the so-called polar multiplet [5, 6] (see also [7]), for it can be used to 
describe a charged U(l) hypermultiplet coupled to a vector multiplet [6], and therefore 
is analogous to the JV = 1 chiral superfield. The polar multiplet is described by an 
arctic superfield T(£) and its complex conjugate composed with the antipodal map 
£ — > — 1/£, the antarctic superfield T(£). It is required to possess certain holomorphy 
properties on a punctured two-plane parametrized by the complex variable £ (the latter 
may be interpreted as ajirojective coordinate on CP 1 ). When realized in ordinary ,jV = 1 
superspace, T(£) and T(£) are generated by an infinite set of ordinary superfields: 



co oo 

T(C) = £ t„C" = 4»+ec + o(C 2 ) , f(0 = £ U-Q- n ■ CD 

n=0 n=0 



Here 4> is chiral, E complex linear, 



Da<t> = 0, D 2 E = 0, (2) 

and the remaining component superfields are unconstrained complex superfields. Sigma 
model couplings of several polar multiplets are described by an action of the form [5] 

S l T ^ = ^Jj /d 8 zJr(T(C),t(C),C)- 0) 

It was observed in [8, 9] that there exists a large subclass in the family of models (3) 
with interesting geometric properties. It corresponds to the case when the Lagrangian 
in (3) has no explicit £ -dependence, 

S[TJ] = ^-Jj j d 8 z*(T 7 (C),f(C)) , (4) 

and then K can be interpreted as the Kahler potential of a Kahler manifold Such a 
theory occurs as a minimal J/ = 2 extension of the general four-dimensional JV = 1 
supersymmetric nonlinear sigma model [1] 

S[<i>,®] = J d s zK(<Z>',¥) . (5) 

The target space of the JV = 2 sigma model (4) turns out to be (an open domain of the 
zero section) of the cotangent bundle of [9]. By construction, the model (4) involves 
an infinite set of auxiliary superfields. The hard technical problem is to eliminate these 
auxiliaries, and then dualize the complex linear superfields E's into chiral ones, in 
accordance with the generalized Legendre transform [5]. This problem was solved in 
[9, 10] for the case J<t = CP", the complex projective space, and incomplete results 
were also obtained in [10] for the complex quadric SO(n + 2)/SO(n) x 50(2). Recently 
we have solved the problem for a large class of classical Hermitian symmetric spaces 
[1 1]. In what follows, a brief review of our construction is presented. 

The extended supersymmetric sigma model (4) inherits all the geometric features of 
its JY = 1 predecessor (5). The Kahler invariance of the latter, K(<t>,<b) — > ^(4>,4>) + 
A(4>) + A(4>) turns into K(Y,Y) -»• K(Y,Y) + A(T) + A(Y ) for the model (4). A holo- 
morphic reparametrization of the Kahler manifold, 4> ; — > f (4>) , has the following coun- 
terpart T 7 (£) — > / 7 (Y(£)) in the JV = 2 case. Therefore, the physical superfields of the 
JV = 2 theory 

T 7 (C) =* 7 , =E 7 , (6) 

should be regarded, respectively, as coordinates of a point in the Kahler manifold and 
a tangent vector at the same point. Thus the variables (4> 7 ,E y ) parametrize the tangent 
bundle T ^ of the Kahler manifold [8]. 

The presence of auxiliary superfields T2, T3 . . . in (1) makes ,JV = 2 supersymmetry 
manifest, but the physical content of the theory is hidden. To describe the theory in 



terms of the physical superfields 4> and E only, all the auxiliary superfields have to be 
eliminated with the aid of the corresponding algebraic equations of motion 



| f »MIjI) = /| r »W) = 0, n>2. (7) 

In general, these equations can be solved only pertubatively. However, as outlined in 
[9] and elaborated in detail in [11], the auxiliary fields may be eliminated exactly for 
any Hermitian symmetric space M . Let us sketch the procedure of constructing such a 
solution Y*(£) = Y*(£;4>,<I>,E,E) under the initial conditions (6). 

Given an arbitrary point po e there exists a Kahler normal coordinate frame with 
origin at po such that 



1 1 ...i m j\ ...Jn 



= , m ^ n (8) 

<5=0 



and therefore ^(4>, 4>) = F(4>4>), with F(4>4>) a real analytic function. Now, for any 
tangent vector Eo at the origin, one can see that 

Y (C) = C£o, t (C) = ~ (9) 

solve the equations (7) at = 0. We set Y*(C;3> = 0,4> = 0,E ,Eo) = C^o- A next step 
is to distribute this solution to any point 4> of the manifold that is to make use of 
Y* ( £ ; 4> = 0, 4> = 0, E , E ) in order to obtain Y* (£;<!>, <I>, E, E) . 

Let G be the isometry group of M . It acts transitively on by holomorphic transfor- 
mations. Let U be the open domain on which the normal coordinate system is defined. 
It can always be chosen such that we can construct a coset representative, ,5^: U — > G, 
where S^(p): — > ^ is a holomorphic isometry transformation with the property 

y(p) Po = p, y(p)eG, Vpeu. 

In other words, y(p) maps the origin to p. In local coordinates, y(p) = ^(4>, 4>), and 
it acts on a generic point q £ U parametrized by complex variables ( x i ,I 1 ^ J ) as follows: 

y^y> = f(y , /(0;$,<I>)=$. (10) 

It is crucial that the holomorphic isometry transformations leave the equations (7) 
invariant. This means that applying ^(4>,<f>) to Yo(C), eq. (9), gives 

T (C) - MQ = f(T (Q;^) = f(Z ^,^), Y,(0)=4>. (11) 

Imposing the second initial condition in (6), 



(12) 



we are in a position to uniquely express Eo in terms of E and 4>, 4>. By construction, E is 
a complex linear superfield constrained as in (2). As to Eo, it obeys a generalized linear 
constraint that follows from (12) by requiring Z) 2 E = 0. 



Once the solution Y*(£) = Y*(£;<I>,<I>,E,E) is given, we are in a position in principle 
to compute the tangent bundle action 

S tb [®^Z} = ^-fj- |d 8 z^(T,(C),t*(C)) • (B) 

But it is extremely important to choose a simplest coset representative (using the natural 
freedom in its choice ^($,4>) — > ^(^>,4>)/z($,<i>), with h(<&,<&) taking its values in 
the isotropy subgroup H at po). With a complicated coset representative chosen, it will 
be practically impossible to do the contour integral on the right of (13). Finally, after 
having evaluated the contour integral in (13), it only remains to dualize the complex 
linear tangent variables E's into chiral one-forms, in accordance with the generalized 
Legendre transform [5]. The target space for the model obtained is T*^C in the compact 
case, and a part of in the non-compact case. In our work [1 1], the above procedure 
was carried out for the following Hermitian symmetric spaces (HSS): 



compact HSS 


U (n+m) 


SO(2n) 


Sp(n) 


SO(?i+2) 


U(n)xU(m) 


U(n) 


U(n) 


SO(n) x 50(2) 


non-compact HSS 


U (n,m) 


SO* (2m) 


Sp(n,R) 


SO {n,2) 


U(n)xU(m) 


U(n) 


U(n) 


S0(n)xS0{2) 



As an example, consider the Grassmannian M = G m ^ n+m . Its Kahler potential is 

K(<Z>,&) =lndet(l m + 4> t 4>) = lndet(l„ + 4>4> t ) . (14) 
where 4> = (4> !a ) (i = 1 , . . . , n, a = 1 , . . . , m) . The useful coset representative is 

^(*,*)=^_| t ^ , 5- 2 = ^ + l m , s _ 2 = ^ + l n . (15) 

Its use leads to the tangent bundle action [11] 

Stb = J d 8 z{^(4>,4> t )+lndet(l m -(l m + 4> t 4>)- 1 E t (l„ + 4>4> t )- 1 E)} . (16) 

Finally, applying the generalized Legendre transform to (16) gives the jV = 2 sigma 
model originally constructed in [12]. 
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